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Pressure fluctuation signals measured from four different axial locations in a bubbling
bed 0.3 m in diameter and 3 m in height were analyzed using multiple approaches,
including wa®elet transform, Hurst analysis, multiscale resolution, and time-delay em-
bedding. After examining decomposition residuals using different compact support
Daubechies wa®elets, the Daubechies second-order wa®elet was chosen as an optimal
wa®elet for decomposing pressure signals. Hurst analysis of the decomposed signals
shows that the measured pressure fluctuations can be resol®ed to three characteristic
scales: bifractal mesoscale signals with two distinct Hurst exponents; monofractal mi-
cro- and macroscale signals with only one characteristic Hurst exponent. Energy profiles
of the three scale components confirm that the measured pressure signals mainly reflect
the mesoscale component. Time-delay embedding analysis of three scale signals demon-
strates that the microscale dynamics is more complex than the mesoscale dynamics, and
the mesoscale dynamics is more complex than the macroscale dynamics. That this re-
sult cannot be found solely from Hurst analysis shows the importance of integrating
multiple approaches for characterizing the complexity of fluidized systems.

Introduction

Fluidization is an important technology employed in a va-
riety of industrial processes. It plays a major role not only in
traditional industries, such as coal combustion, oil refining,
and metallurgical processes, but also in the development of
emerging technologies, such as materials processing and
biotechnology. With increasing demand for sustainable devel-
opment, its applications in energy, resource recovery, and en-
vironment are being explored further. On the other hand,
however, fluidization is one of the most complicated unit op-
erations in practice. Its typical particle�fluid two-phase flow
patterns exhibit nonlinear and nonequilibrium dynamic char-
acteristics with heterogeneous flow structure. Therefore, its
quantitative understanding and practical application consti-
tute a challenge in science and engineering. Further efforts
are, therefore, still needed in order to understand its mecha-
nism for realizing quantitative design and optimal operation
of fluidized-bed reactors. Fortunately, however, the advance

Correspondence concerning this article should be addressed to G.-B. Zhao at this
current address: CoalrGas Utilization Research Group, Dept. of Chemical and
Petroleum Engineering, University of Wyoming, Laramie, WY 82071.

of the interdisciplinary sciences has further stimulated its
fundamental research.

The complexity of particle�fluid two-phase flow mainly re-
sults from structure heterogeneity and regime multiplicity and

Ž . Ž .their nonlinear behavior Li et al., 1996 . Li and Kwauk 1994
proposed that the complex dynamics of a fluidization system
can be reduced to three scales: microscale of discrete individ-
ual particles inside either the dense or the dilute phase,
mesoscale of cluster size involving interaction between the
dilute broth phase and the dense cluster phase, and
macroscale, which encompasses the global system of the par-

Žticle�fluid suspension within its boundaries see Li et al.,
.1999, for a review on more details . Therefore, a very compli-

cated fluidization system becomes easy to describe and un-
derstand after resolution. And many studies have found that
this complexity can be well understood by the multiscale

Žmethod Li et al., 1999; Cui et al., 2000; Li, 2000; Ren et al.,
.2001 . However, nonlinear and nonequilibrium are the

Ž .essence of the multiscale structure, as Li and Kwauk 1999
stated. So, it is very significant that a combination of the mul-
tiscale method and the nonlinear analysis method, such as
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the fractal and time-delay embedding theory, is used to study
the complexity of fluctuation dynamics in a fluidization sys-
tem. However, there are no research reports about it.

Gas�solid fluidization is characterized by its heteroge-
neous two-phase structure with complicated dynamic changes.
Quantification of such dynamic changes becomes a research
focus in this field due to its importance in heat and mass
transfer. Various nonlinear-analysis methods have been used
for analyzing the dynamic changes prevailing in fluidization,

Žsuch as time-delay embedding theory Daw et al., 1990, 1995;
van den Bleek and Schouten, 1993a,b; Schouten et al., 1996;
Marzocchella et al., 1997; Bai et al., 1997b, 1999; Zijerveld et

.al., 1998; Ji et al., 2000; Zhao et al., 2001a , fractal theory
ŽFan et al., 1990, 1993; Franca et al., 1991; Cabrejos and
Klinzing, 1995; Bai et al., 1996, 1997a; Kikuchi et al., 1996;

. ŽKaramavruc and Clark, 1997 ; solitons theory Komatsu and
.Hayakawa, 1993; Harris and Crighton, 1994; Goz, 1998 ; and¨

Ž .information theory Karamavruc et al., 1995 . In fact, all phe-
nomena occurring in gas�solid fluidization are attributed to
the nonlinear interaction between the particles and the fluid,
which are two independent media with their own individual
movement tendencies. It is difficult to use a unified rule to
describe these two different directions. As for time-delay em-
bedding and fractal analysis, although they have been used in
the study of fluidization including fluidization regimes and

Žtransition Franca et al., 1991; Zijerveld et al., 1998; Bai et
.al., 1999; Johnsson et al., 2000; Zhao et al., 2000, 2001b , flow

Ž .structure Bai et al., 1996, 1997a; Marzocchella et al., 1997 ,
Žfluidized-bed scale-up van den Bleek and Schouten, 1993a;

.Schouten et al., 1996, 1999 , and monitoring, evaluation, and
Žcontrol of fluidization quality Daw and Halow, 1993;
.Schouten and van den Bleek, 1998 , they are unable to ex-

tract different components with distinct features from global
signals. Furthermore, the dissipative structure in fluidized
systems has been found to show multiscale characteristics and
the coupling of multiple subprocesses, for which average pa-
rameters and lumped models are inadequate to tackle the

Ž .intrinsic mechanism Li, 2000 . Therefore, resolution with re-
spect to scale is necessary.

Pressure fluctuations have been extensively studied, includ-
Žing the cause of pressure fluctuations Fan et al., 1981, and

. Žreferences therein , the nature of pressure fluctuations Zhao
.et al., 2001a, and references therein , signal composition of

Ž .pressure fluctuations He et al., 1997, and references therein ,
and origin, propagation, and attenuations of pressure waves
Ž .van der Schaaf et al., 1998, and references therein and so
on. A great advantage of the study of pressure signals is that

Ž .they include the effects of many different dynamical phe-
nomena taking place in fluidized beds, such as gas turbu-
lence, bubble formation, passage and eruption of bubbles,
self-excited oscillations of fluidized particles, and bubble coa-

Žlescence and splitting Bi et al., 1995; van der Schaaf et al.,
.1998 . But now that pressure fluctuations include such a vari-

ety of information, how can we resolve this information into
different components belonging to different mechanisms, such
as particle interaction? Also, what is the criterion of resolu-
tion?

The complexity of a gas�solid fluidized bed relies so much
on the fluctuation of pressure signals, it is very helpful to
gain a good understanding of the complex hydrodynamic be-
havior of fluidized beds by extracting key feature information

from pressure fluctuations. Because wavelet analysis has great
potential in signal processing and feature extraction, it has

Žbeen widely studied in the fluidization field Bakshi et al.,
1995; He et al., 1997; Lu and Li, 1999; Li, 2000; Ren et al.,

.2001, Guo et al., 2002; Li, 2002 . Based only on this consider-
ation, in this work we applied Daubechies wavelets to decom-
pose pressure signals into 1�9-level detail signals and ninth-
level approximation signals. Then, Hurst analysis was used to
analyze the multifractal characteristics of different level sig-
nals. By synthesizing different level pressure signals of similar
fractal characteristics, as discussed earlier, we obtained pres-
sure fluctuation signals that represent microscale, mesoscale,
and macroscale interaction in a fluidized bed, respectively.
The intrinsic complexity of decomposed pressure signals of
the three scales were further studied by time-delay embed-
ding theory.

Theory
Discrete wa©elet transform

Ž .The wavelet transform WT is a newly developed time-
frequency analysis method that has been shown to be a pow-
erful tool in all the the areas dealing with signal analysis and
processing. Compared with the traditional Fourier method,
there are some important differences between them. WT is
being applied to transient signal processing, an area where
Fourier transform fails to reveal the local turbulence. The
Fourier transform is of a fixed resolution at all frequency
components and has time-averaging effects that fail to detect
small local disturbances. In contrast, wavelet analysis trans-
forms a signal in the time domain into the time-frequency
domain. The decomposed parts of the signal are resolved such
that the higher the frequency, the finer the resolution. Un-
like the Fourier transform, the basis function of WT is nar-

Ž . Žrow has smaller level at higher frequencies and broad has
.larger level at low frequencies. WT is, therefore, often re-

ferred to as a sort of mathematical microscope, because dif-
ferent parts of the signal under analysis can be examined by
automatically adjusting the focus.

Due to its inherent time-level locality characteristics, the
Ž .discrete wavelet transform DWT has received considerable

attention in the area of digital signal-processing. The term
Ž .‘‘wavelet’’ refers to sets of function � t formed by dilata-j,k

tions and translations of a single function called the mother
Ž .wavelet � t . The wavelet basis defined by

� t s2 jr2� 2 jtyk 1Ž . Ž . Ž .j,k

2Ž . Ž .is an orthonormal basis for L R square integrable . The
Ž .mother wavelet, � t , has a companion, the scaling function

Ž . Ž� t ; they both satisfy the following two-scaling relation re-
.finement equation

N° '� t s 2 h � 2 tynŽ . Ž .Ý n
ns 0~ 2Ž .1

'� t s 2 g � 2 tynŽ . Ž .Ý n¢
ns1y N
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where h and g are discrete low-pass filter and high-passn n
filter, respectively, and N is an odd integer. Generally speak-
ing, there are different filter coefficients for different mother
wavelets.

ŽAccording to the theory of multiresolution analysis Mallat,
.1989; Rioul and Duhamel, 1992 , DWT consists of decompos-

Ž .ing the discrete signal, x n , into an ordered set of orthogo-
jŽ . jŽ . Žnal approximation and detail functions, A n and D n j

.s1, 2, 3, . . . , J , respectively, as in the following equations

A jq1 n s h A j m 3Ž . Ž . Ž .Ý my2 n
m

D jq1 n s g D j m 4Ž . Ž . Ž .Ý my2 n
m

ŽThe approximation functions are the high-level low-
.frequency components of the signal, and they can be ex-

tracted using a low-pass filter, h . On the other hand, then
Ž .detail functions are the low-level high-frequency compo-

nents of the signal and can be extracted using a high-pass
filter, g . The original data are considered to be the leveln

0Ž .function coefficients at the highest level, that is, A n . Thus,
the original signal passes through two complementary filters

1Ž .and decomposes at the first level into two signals A n and
1Ž . 1Ž . 2Ž .D n . Then A n is further decomposed into A n and
2Ž .D n . The decomposition process is repeated until the de-

sired decomposition level, J, is reached. Unfortunately, if this
decomposition is done without downsampling, that is, throw-
ing away every second data point, one would wind up with n
samples in each of the approximation and detail functions.
The downsampling process introduces an overlap in the spec-
trum of the approximation and detail functions. This error
can be recovered by carefully choosing filters for the decom-
position and reconstruction phases that are closely related. A
reverse process is used for perfect reconstruction of the de-
composed signal from its approximation and detail functions
by inserting zero values between their samples. This is re-
ferred to as upsampling. Signal reconstruction can be pre-

( ) ( )Figure 1. a Signal decomposition, and b reconstruc-
tion using the fast discrete wavelet algorithm
at a different level.

sented as

A jy1 m s h A j k q g D j k 5Ž . Ž . Ž . Ž .Ý Ýmy2 k my2 k
k k

Thus, the decomposition and reconstruction processes are as
presented in Figure 1.

Consequently, the original signal can be expressed as the
summation of the approximations and the details in a multi-
step manner as follows

x n sD1 n q A1 n sD1 n qD2 n q A2 nŽ . Ž . Ž . Ž . Ž . Ž .
J

j Js ��� s D n q A n 6Ž . Ž . Ž .Ý
js1

jq1Ž . jŽ .Here A n is smoother than A n , since the finer feature
jŽ . w jŽ .x jq1Ž .in A n that is, D n ’ subtracted in order to get A n .

At each level, j, the detail and approximation components,
D j and A j, lie with a frequency band given by

D j: 2yŽ jq1. fs, 2yj fsw x
A j: 0, 2yŽ jq1. fs , js1, 2, . . . , Jw x

where fs is the sampling frequency. Thus, each information
level decomposed by a wavelet represents information of a
different frequency band of original signals. The detail com-
ponent at a low level corresponds to information about the
high frequency of the original signals, and the approximation
component at a high level corresponds to information about
the low frequency of the original signals.

Hurst analysis
Ž .Fan et al. 1990 were the first to apply the concept of

Ž .fractional Brownian motion fBm for analyzing pressure
fluctuations in a gas�liquid�solid fluidized bed in terms of

Ž .Hurst’s rescaled range RrS analysis. Hurst analysis was
mainly used for flow-regime identification and classification
ŽFranca et al., 1991; Drahos et al., 1992; Cabrejos and Klinz-

.ing, 1995; Maucci et al., 1999; Briens et al., 1997 . In this
work, we use this method as a criterion of the multiscale res-
olution of pressure fluctuations.

Rescaled range analysis, also referred to as rangerstandard
deviation analysis, was originally developed about 50 years

Ž .ago by Hurst 1951 to distinguish completely random time
series from correlated time series. Mandelbrot and Van Ness
Ž . Ž .1968 formally related the Hurst exponent H to fractional
Brownian motion, thus, making the H available as a descrip-
tor to the scaling behavior of fractal curves, called self-simi-
larity. The analysis begins with dividing a time series of length

Ž .N into ml subseries of length � nonoverlapping . Next for
Ž .each subseries ks1, 2, . . . , ml: 1 compute the mean, E ,k

Ž .and standard deviation, S ; 2 normalize the data x byk i,k
subtracting the sample mean y s x yE for is1, 2, . . . ,i,k i,k k

Ž . i� ; 3 create a cumulative deviation Z sÝ y for is1,i,k js1 j,k
Ž . � 42, . . . , � ; 4 find the range R smax Z , Z , . . . , Z yk 1,k 2,k � ,k

� 4 Ž .min Z , Z , . . . , Z ; 5 rescale the range R rS . Fi-1,k 2,k � ,k k k
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nally, the mean value of the rescaled range for the subseries
Ž . Ž . ml Ž .of length � is RrS s 1rml Ý RrS .ks1 k

After the analysis is conducted for all possible subseries
Ž .lengths, � , we can plot the RrS statistics against � on a

double-logarithmic coordinate. The Hurst coefficient, H, of
the data set was then evaluated from the slope of the straight
line fitted to these points in a least-square sense. H varies

Ž .between 0 and 1. A Hurst exponent of 0.5 Hs0.5 indicates
that the series under examination behaves in a manner con-
sistent with the random-walk theory. A Hurst exponent
greater than 0.5 indicates persistence, and a value of less than
0.5 indicates antipersistence. For the persistent data set, if
the trend or behavior in the data set is increasing or decreas-
ing over a certain unit interval of time, it will continue to
increase or decrease over such an interval. For this time-series
data, H is related to its fractal dimension, D , by the rela-F
tion D s2yH.F

Time-delay embedding analysis
For a set of observable pressure fluctuating signals x , x ,1 2

. . . , x , it is difficult to distinguish whether the dynamics rep-n
resented by this time series is random or deterministic. A
low-dimensional attractor is usually employed to indicate the
presence of deterministic behavior, so that a state vector in
one dimension is reconstructed as follows

w xX s x , x , . . . , x is1, 2, . . . , ny my1 �Ž .i i iq� iqŽmy1.�

in which, � is a time delay and m is an embed dimension.
It is well known that the selection of an appropriate � and

m can ensure that the reconstructed vector is the topological
equivalent of its primary data; moreover, m is well correlated

Ž .with some chaotic invariants. Zhao et al. 2001a discussed in
detail the methods of determining time delay and embedding
dimension. The same method and process were used to de-
termine the reconstructed parameters, such as the embed-
ding dimension and the time delay in this work. In order to
approach the dynamics within a bubbling fluidized bed by
using the pressure fluctuating data, two chaotic invariants,

Ž .namely, correlative dimension D and Kolmogorov entropy2
Ž .K-entropy , are used to characterize the motion process. The
known formula representing the relationship between the
correlation sum and the distance l is shown as follows

C l A l D2 7Ž . Ž .m

In this equation, the exponent D is the correlation dimen-2
sion of the attractor, which represents the spatial correlation
between measured points on the attractor. The definition of

Ž .the correlation integral, C l , ism

1
� �C l s � ly X y X 8Ž . Ž .Ž .Ým i jN N y1Ž .m m i� j

Ž .where N is the total number of points evaluated, and � xm
is the Heaviside function, as follows

1 xG0
� x s 9Ž . Ž .½ 0 x�0

ŽThe definition of K-entropy is let a trajectory on an attrac-
.tor evolve for a long time, and then calculate the entropy’s

average rate of increase with respect to sequence length.
Ž .Grassberger and Procaccia 1983a,b also proposed the rela-

tionship between K-entropy with D , and its formulated ex-2
pression is

C l s l D2 2yK 2 m� 10Ž . Ž .m

From Eq. 10, we have

log C l sD log lyK m� 11Ž . Ž .2 m 2 2 2

Ž .by plotting log C l vs. log l for values of m equal to 2 or2 m 2
more. Each curve exhibits a region of linearity called the no-
scale interval, the slope of which corresponds to D . As the2
dimension, m, is increased beyond the embedding dimension,
the slope of the linear region of the curves yields a consistent
value of D , and these curves are displaced from each other2

Žby a factor of ym� K . In the literature Cohen and Procac-2
.cia, 1985; Cassanello et al., 1995 , the methods for evaluating

the correlation dimension and the K-entropy from Eq. 11 have
been discussed. However, the proposed methods are very
complicated, and the two chaotic parameters are estimated

Ž .separately. In view of these facts, Zhao et al. 1999, 2001b
proposed an optimal algorithm for computing simultaneously
the correlation dimension and K entropy by a least-square2
method. Generally speaking, K entropy can be considered2
as a measure of the rate of information loss along the attrac-
tor or a measure of the degree of predictability of points along
the attractor, given an arbitrary initial point. Therefore, the
larger the value of K entropy, the more complex the system2
studied. A zero entropy represents a constant or a regular
cyclic phenomenon that can be represented in the state space
by a fixed point, a periodic attractor, or a multiperiodic at-
tractor. An infinite entropy refers to a stochastic, nondeter-
ministic phenomenon.

Experimental Studies
The experiments were carried out in a 0.3-m-diam. and 3-

Ž .m-high column described previously Zhao et al., 2001a . The
fluidized-bed assembly includes a bed column, a distributor,

Ž .and a plenum chamber. The polyethylene PE particle used
as the fluidized particle has a density of 960 kgrm3, and aver-
age diameter of 500 �m. Its minimum fluidized-gas velocity
u is 0.118 mrs, and it has a static-bed eight of 0.46 m. Them f
fluidizing fluid is air. The experimental range of the gas flow
rate is uru s1.0�5.6. The holes on the distributor were 2m f
mm in diameter and gave a fractional open area of 4%. Four

Žpiezoresistive pressure transducers CYG219 type, Baoji Re-
.search Center of Transducer, China were used to measure

local pressure fluctuations. Pressure probes were installed on
the wall of the bed column at four different heights from the
distributor: 0.090 m, 0.20, 0.40 m above it, and 0.12 m below
it, corresponding data run numbers C1, C2, C3, C4, respec-
tively. Each pressure probe was connected to one of the two
input channels of the differential pressure transducer, which
produced an output voltage proportional to the pressure dif-
ference between the two channels. The remaining channel
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was exposed to the atmosphere. The differential range of the
pressure transducer was �4 kPa, and the relative accuracy
was �0.1% full scale. The time series consisted of at least
60,000 points and were sampled at a frequency of 250 Hz
using an analog-to-digital converter with a 12-bit nominal
resolution.

Results and Discussion
Daubechies wa©elet decomposition of pressure fluctuations

There are many types of wavelets, such as Harr,
Daubechies, Mexican hat, and Spline wavelet. One can choose
among them depending on a particular application. As Tew-

Ž .fik et al. 1992 showed, the quality of signal decomposition
and reconstruction is highly dependent on the selection of
the mother wavelet. Wavelets being of compact support and
orthogonality are very significant for both theoretical re-
search, and practical application, especially since they can
provide a limited and more practical digital filter in the pro-
cess of wavelet decomposition of digital signals. However,
Daubechies’ wavelets of different compact support possess

Žonly these properties and have some smoothness Daubechies,
.1988 . Therefore, in this work we use Daubechies wavelets

for decomposing pressure signals.
In Daubechies wavelets, the time domain of wavelet func-

tion is limited, that is, compactly supported in time. And, the
Ž .wavelet function � t has L-order consecutive moments

equal to zero. That is

t p� t dts0, ps0, 1, 2, . . . , L 12Ž . Ž .H

The time domain of the wavelet function increase with L.
Because of the size of L, we called the Daubechies wavelet
DAUL wavelet in this work. For example, we called them
DAU5 wavelets when L was equal to 5.

Ž .The Daubechies wavelet function � t is the weight sum of
Ž .the level function � 2 t by shifting

1
'� t s 2 g � 2 tyn 13Ž . Ž . Ž .Ý n

ns1y N

Ž .Therefore, compact support of function � t in the time do-
w xmain is tg 1yL, L . The level function is a function of the

Žlow-pass filter, and the filter coefficients are h ns1, 2, . . . ,n
.N . The filter coefficients of the high-pass filter correspond-

ing to the wavelet function are g , and haven

n
g s y1 � h 14Ž . Ž .n 1yn

Ž .In the literature Daubechies, 1988 , Daubechies provided
nine sets of filter coefficients corresponding to L from 2 to
10.

As discussed earlier, Daubechies wavelets are good enough
to have an engineering application, and the choice of analyz-
ing wavelets plays a significant role in signal processing.
However, Daubechies wavelets with different compact sup-
port can give rise to different decomposition errors, as Qi
Ž .2000 pointed out. It is, therefore, very important to choose
the compact support Daubechies wavelet with minimum de-
composition error as the optimal wavelet for the resolution of

Ž .pressure signals. According to Eq. 6, original signals x n are
Ž .changed to x n by the algorithm of decomposition and re-ˆ

construction shown in Figure 1, as follows

J
J jx n s A n q D n 15Ž . Ž . Ž . Ž .ˆ Ý

js1

Ž .We defined decomposition error between original signals x n
Ž .and reconstructed signals x n as E for a different compactˆ L

support Daubechies wavelet, DAU L. That is

NT1
� �E s x k y x k 16Ž . Ž . Ž .ˆÝL NT ks1

It is, thus, clear that the different decomposition error can be
Ž .found for a different DAU L that is, Daubechies L wavelet

corresponding to a different filter coefficient, h and g .n n
It is worth noting that we have analyzed experimental data

at different gas velocities from different data runs and have
obtained nearly the same results as in the following. To sim-
plify things for the following discussion, we only illustrate the
results at us0.299 m � sy1 as an example. We believe that
the results we have obtained are of universal significance in
the bubbling flow region. Decomposition errors of pressure
signals at us0.299 m � sy1 for data-run number C1 are shown
in Table 1 using different Daubechies wavelets at levels from
1 to 9 in the light of Eqs. 15 and 16. It is clear that decompo-
sition errors are minimum using DAU2 at different levels.
Decomposition errors reach maximum using DAU10 at dif-

Table 1. Decomposition Errors of Pressure Fluctuations Using Different Daubechies Wavelets at us0.299 m �s�1 for
Data-Run Number C1

Level

DAU 1 2 3 4 5 6 7 8 9

2 0.000005 0.000008 0.000010 0.000012 0.000015 0.000016 0.000017 0.000017 0.000017
3 0.000011 0.000028 0.000050 0.000090 0.000201 0.000213 0.000477 0.000694 0.005593
4 0.000025 0.000061 0.000113 0.000116 0.000775 0.000742 0.001266 0.001740 0.014536
5 0.9699 1.5436 1.4372 1.1060 1.3676 1.4827 1.5249 1.5280 1.5344
6 0.16312 0.26173 0.24522 0.17612 0.21518 0.21961 0.22888 0.22919 0.26148
7 0.000129 0.000131 0.000279 0.000577 0.006368 0.007632 0.008106 0.008566 0.054575
8 0.000113 0.000153 0.000678 0.001843 0.009967 0.009949 0.014081 0.15672 0.052329
9 0.000102 0.000131 0.000857 0.001778 0.006319 0.013380 0.018948 0.022461 0.040224

10 12.7749 24.2605 30.9408 28.9140 21.1536 18.1852 18.3398 18.3309 18.3250
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( ) �1Figure 2. Decomposition errors of pressure fluctuations for different Dau L Ls2�10 at us0.299 m �s .
Ž . Ž . Ž . Ž .Data-run number: C1 � ; C2 ` ; C3 ^ ; C4 � .

ferent levels, and relatively large errors are reached by DAU5.
For the same Daubechies wavelet, decomposition error gen-
erally increases with the decomposition level, such as

Ž . Ž .DAU 2�4 and DAU 7�9 . However, there are maximum de-
composition errors at level 2�4 for DAU10, DAU5, and
DAU6. Decomposition errors of pressure fluctuations at dif-
ferent measurement locations using different Daubechies
wavelets are shown in Figure 2 for different decomposition

Ž .levels Js1, 2, . . . , 9 . This shows a similar trend for decom-
position errors with the decomposition level for pressure sig-
nals measured at different locations, but there is a large dif-
ference among decomposition errors for pressure signals
measured at different locations at the same decomposition
level. Therefore, we should pay attention to the influence of
different Daubechies wavelets on decomposition results when
wavelet decomposition and feature information extraction of
pressure signals are conducted in fluidized beds. Neverthe-
less, we find that the order of magnitude of decomposition
errors using DAU2 is as low as 10y4; it is the smallest of the

decomposition errors of different Daubechies wavelets. So,
DAU2 can be seen as the optimal Daubechies wavelet of de-
composition of pressure fluctuations. The level function and
wavelet function of DAU2 are shown in Figure 3. The filter
coefficients of DAU2 are as follows

wh s 0.4829629131445341, 0.8365163037378077,n

x0.2241438680420134, y0.1294095225512603

wg s y0.4829629131445341, 0.8365163037378077,n

xy0.2241438680420134, y0.1294095225512603

Figure 4 illustrates decomposition of pressure signals using
DAU2 as the 1�9-level detail signals and ninth approxima-

Ž . y1tion signal corresponding to Js9 at us0.299 m � s for
data run number C1. Therefore, the DAU2 wavelet is chosen
as the wavelet of pressure-signal decomposition in the follow-
ing study.
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Figure 3. Daubechies second-order level function and
wavelet function.

Multifractal characteristics of decomposed signals of
pressure fluctuations

Ž .Figure 5 shows that the rescaled range RrS for decom-
posed 1�9-level detail signals and ninth approximation signal
Ž . y1corresponding to Js9 at us0.299 m � s for a different
data-run number using DAU2, varied with subseries length �

in log-log coordinates, as illustrated earlier. To increase the
accuracy of the slope H at long subseries lengths, the record
length is first increased to 50,000 points for the total sam-
pling time of 200 s. RrS as a function of � is evaluated for 25
different starting conditions, and the average values are plot-

Ž .ted in these figures. It is clear that log RrS � log � shows
similar behavior for decomposed pressure signals from four
different measurement locations. That is, only one Hurst ex-
ponent, H, corresponding to only linear relationship of

Ž .log RrS � log � can be obtained for decomposed level 1 and
2 detail signals and level-9 approximation signal. However,
two distinct Hurst exponents can be derived for decomposed
3�9-level detail signals, corresponding to two distinct linear

Ž .relationship of log RrS � log � at smaller � and larger � .
This suggests a bifractal structure of decomposed 3�9-level
detail signals. Hurst exponents, H, of decomposed signals for
different measurement locations are shown in Table 2 as a
linear regression of the straight portion of the curves shown
in Figure 5. Although there is a smooth transition between
two regions for signals D3 � D9, the transition points as shown

Figure 4. Decomposed signals of pressure fluctuations using DAU2 at us0.299 mrrrrrs for data-run number C1.
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( ( ) ( ))Figure 5. log R � rrrrrS � �log � for decomposed signals for different data run number.
1 Ž . 2 Ž . 3 Ž . 4 Ž . 5 Ž . 6 Ž . 7 Ž . 8 Ž . 9 Ž . 9 Ž .Decomposed signal: D � ; D � ; D � ; D ` ; D � ; D ^ ; D � ; D � ; D � ; A q .

in Figure 5 are fairly small. However, these transition points
Ž .wouldn’t affect the computation accuracy. Briens et al. 1997

found that Hurst exponents achieve a smooth transition be-
tween the two regions by applying a smooth spline to the

Ž .original log RrS � log� curves.
The reciprocal of the break point � , between the two lin-

ear regions is similar to the domain frequency of the signal.
Ž .Fan et al. 1993 pointed out that a break in the rescaled

range at time lag � can be caused by one major periodic com-
ponent of the signal. Our results appear to be consistent with
this finding, as demonstrated in Figure 5, where there is a
dominant frequency of 18�20 Hz corresponding to log � s
Ž . Ž . 3y1.26 � y1.32 for the signal D , 7.9�11 Hz corresponding

Ž . Ž . 4to log � s y0.90 � y1.05 for the signal D , 3.98�5.0 Hz
Ž . Ž . 5corresponding to log � s y0.6 � y0.7 for the signal D ,

Ž . Ž .2.0�3.16 Hz corresponding to log � s y0.50 � y0.30 for

Table 2. Hurst Exponents of Decomposed Signals for Different Measurement Locations at us0.299 m �s�1

Signal
1 2 3 4 5 6 7 8 9 9Ž .Location m D D D D D D D D D A

w x w x0.090 H � � 0.978 0.986 0.986 0.983 0.987 0.986 0.995 0.9871
w xH 0.252 0.283 0.279 0.258 0.262 0.254 0.288 0.406 0.459 �2

w x w x0.20 H � � 0.944 0.988 0.983 0.984 0.992 0.989 0.992 0.9921
w xH 0.263 0.271 0.272 0.278 0.284 0.291 0.239 0.362 0.469 �2

w x w x0.40 H � � 0.959 0.968 0.986 0.986 0.998 0.994 0.990 0.9911
w xH 0.213 0.289 0.314 0.284 0.232 0.239 0.324 0.354 0.482 �2

w x w xy0.12 H � � 0.940 0.970 0.983 0.983 0.991 0.995 0.995 0.9881
w xH 0.224 0.219 0.241 0.233 0.229 0.257 0.288 0.384 0.423 �2

April 2003 Vol. 49, No. 4 AIChE Journal876



6 Ž .the signal D , 1�1.38 Hz corresponding to log � s y0.14 �0
for the signal D7, 0.66�0.69 Hz corresponding to log � s
0.16�0.18 for the signal D8, and 0.31�0.42 Hz corresponding
to log � s0.38�0.51 for the signal D9. This is also consistent
with the frequency band of wavelet transformation given by,

j w yŽ jq1. y j xD : 2 f , 2 fs .s
The following features are observed from Table 2 and Fig-

ure 5. These results, obtained from Hurst analysis, will be
further demonstrated by the time-delay embedding analysis

Ž .presented below. 1 Level 1 and 2 detail signals show
monofractal characteristics for pressure signals measured at
different locations. The Hurst exponents of these signals are
found to be much lower than 0.5, so they represent an an-
tipersistent dynamic behavior in the fluidized bed. Because
the low Hurst exponents correspond to signals with little per-

Ž . Ž .sistence highly chaotic Karamavruc and Clark, 1997a , level
1 and 2 detail signals imply microscale interaction between
discrete individual particles and fluid and among individual
particles, since the motion of solids is highly random. And,
according to wavelet analysis, level 1 and 2 detail signals rep-
resent information about the high frequency of the original
pressure signals, as is the high-frequency behavior of the in-
teraction among particles and between particles and fluid.
Thus, it is plausible that level 1 and 2 detail signals are seen

Ž .as a microscale interaction in a fluidized bed. 2 Level 3�9
detail signals show a bifractal characteristic of fluidization
dynamics. Bifractal flow behavior has also been observed for

Žgas�liquid two-phase flows Franca et al., 1991; Kozma et al.,
. Ž .1996 and gas�solids fluidized beds Bai et al., 1997b, 1999 ,

and appears to be characteristic of a number of heteroge-
neous multiphase flows. Two distinct Hurst exponents, H1
being the slope at smaller � and H the slope at larger � , are2
shown in Figure 5 for these signals. Hurst exponent H at1
smaller � is much larger than 0.5, as shown in Table 2, which
indicates a highly persistent dynamic feature of the fluidized
system. On the other hand, Hurst exponent H at larger � is2
much less than 0.5, which indicates a highly antipersistent
dynamic feature of the fluidized system. As Karamavruc and

Ž .Clark 1997a stated, bubble motions correspond, in general,
to higher Hurst components than do particle motions. All of
these indicate to a great extent that level 3�9 detail signals
reflect mesoscale interaction between the bubble phase and
the dense phase, while H at smaller � represents a dynamic1
feature of the bubble phase and H at larger � represents2

Ž .dynamic feature of the dense phase. 3 Level 9 approxima-
tion signals are of a persistent dynamic feature, with a sole
Hurst exponent much larger than 0.5. Since level 9 approxi-
mation signals represent the fluctuation dynamics of the
whole fluidized bed from a much higher level, its Hurst expo-
nent H , which is close to unity, shows that these signals re-1
flect the macroscopic stability of the whole bed. Therefore,
level 9 approximation signals represent the macroscale inter-
action of the bed. Fractal dimensions corresponding to differ-
ent-level signals on the basis of Hurst exponents are shown in

ŽFigure 6 for ease of explanation, level 10 in Figure 6 is actu-
.ally a level 9 approximation . As Mandelbrot and Van Ness

Ž .1968 stated, fractal dimension D s2yH represents theF
self-similarity of the curves studied. The larger the value of
D , the more rough and antipersistent the curves of pressureF
fluctuations, and the more complex the corresponding dy-
namic. Therefore, in Figure 6 it can also be seen that mi-

Figure 6. Fractal dimension vs. level for different
data-run number at us0.299 m �s�1.

Ž . Ž . Ž . Ž .Data run number: C1 � ; C2 ` ; C3 � ; C4 ^ .

croscale interaction corresponding to particle motion is more
complex than mesoscale interaction, which agrees with the
bubbling motion. This is a reason why many studies applied a
stochastic model to study particle motion and applied a de-
terministic model to study bubbling motion.

Multiscale characteristics of pressure fluctuations
As analyzed earlier, multifractal characteristics of pressure

signals can be well understood by RrS analysis after decom-
position using the wavelet method. However, the dynamics of
the bubbling phase belonging to the mesoscale interaction is
almost identical to the dynamics of the macroscale interac-
tion, because of their similar fractal dimension and Hurst ex-

Ž .ponent Figure 6 and Table 2 . That is not the case, because
there is a large difference in dynamics between mesoscale
and macroscale interaction by analysis of the fluidizing mech-

Ž .anism, as discussed by Li et al. 1999 . This indicates that
RrS analysis is not a good method for distinguishing dynamic
behavior between mesoscale and macroscale interaction. We
need another theory to quantify them. This causes us to study
these differences further, using the time-delay embedding

Ž .theory see below . In addition, fractal dimension and Hurst
exponents are also almost identical between 1 and 2 level
microscale signals and 3�7 level, mesoscale signals represent-
ing the dynamics of the dense phase. But Hurst exponents
begin to increase for 8 and 9 level detail signals, which corre-
sponds to when the fractal dimension begins to decrease. This
indicates that the dynamics of microscale interaction between
individual particles and fluid are different from those of the
dense phase of mesoscale interaction. Furthermore, interac-
tion between individual particles and fluid is more random
and complex. Differences of fractal dimension and Hurst ex-
ponents representing the dense phase at different wavelet
decomposition levels at the same mesoscale demonstrate that
the coupling of multiple subprocesses existed in mesoscale

Ž .interaction, as suggested by Li 2000 .
Pressure fluctuations in a fluidized bed are a complex

function of particle properties, bed geometry, properties, and
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Ž .the flow condition of the fluidizing fluid Fan et al., 1981 .
We found that pressure fluctuations caused by different fac-
tors can be resolved from measured signals by means of Hurst
analysis. For example, microscale interaction pressure signals
representing the dynamics of individual particles can be ob-
tained by synthesizing level 1 and 2 detail signals because of
their similar fractal feature. Pressure signals of mesoscale in-
teraction representing the dynamics of the dense phase and
the bubbling phase can be obtained by synthesizing level 3�9
detail signals because of their similar bifractal feature. Level
9 approximation signals representing the global system of
particle� fluid suspension within its boundaries, are
macroscale signals. An example of three-scale resolution is
shown in Figure 7 for data-run number C1 at us0.299 m �
sy1. These results are consistent with those of Li and Kwauk
Ž .1994 , which indicated that particle and the fluid interaction

Žmay be considered on three scales: microscale individual
. Žparticles and fluid , mesoscale cluster and dilute phase; or

. Žbubble and emulsion , and macroscale effect of the equip-
.ment .

The energy of a digitized signal can be defined as the
squared sum of amplitude as follows

N
2� �Ws x i 17Ž . Ž .Ý

is1

Let W be defined as level j energy, which is the decomposedj
cumulative energy of different level j detail signals on the
basis of Eq. 6. Namely

N
2j� �W s D i is1, 2, . . . , J 18Ž . Ž . Ž .Ýj

is1

with the total energy given by

W s W 19Ž .ÝT j
j

To be more precise, the ratio of energy at different levels to
the total energy is more important in showing how the energy
is displayed at different levels. Let

Wj
R s �100% 20Ž .j WT

where W is determined by Eq. 19. In this manner, R givesT j
a relative energy distribution in each level.

The energy profile for the decomposed signals using DAU2
at us0.299 m � sy1 is shown in Figure 8 for a different data-
run number. As before, for simplicity, the explanation of level

Figure 7. Resolution of measured pressure fluctuations into three scales for data-run number C1.
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Figure 8. Energy profiles for different level signals at u
s0.299 m �s�1.

10 in Figure 8 is actually a level 9 approximation. It can be
seen that the most energy is distributed mainly by mesoscale
signals of the level 3�9 detail, and is over 90% of the total
energy. The energy of microscale and macroscale signals is
very low. The distribution of the total energy among the three
scales of micro, meso, and macro is shown in Table 3. All of
these also indicate that pressure fluctuations mainly reflect
mesointeraction between the emulsion phase and the bub-
bling phase. The low frequency and amplitude of macroscale
signals demonstrate macrostability of the fluidizing system
observed from a macroscopic whole. Therefore, the fluidizing
system is a wholely stable and locally unstable system with a
multiscale structure at normal fluidizing conditions.

Time-delay embedding analysis of three-scale resolution
signals

Ž .The relationship of log C l vs. log l of various scale2 m 2
pressure signals from different data-run numbers, are shown
in Figures 9, 10, and 11, respectively. We found that two no-
scale intervals existed for mesoscale signals. Therefore, there
are two correlation dimensions, D and D , and two K -2,1 2,2 2
entropies, K and K , representing the dynamics of the2,1 2,2
emulsion phase and the bubbling phase, respectively. The lin-
ear part of the correlation dimension at a smaller region is
associated with the dense phase, whereas the linear part at a
larger region is associated with the bubble phase. That is to
say, the invariant slope in a smaller region is the correlation
dimension of the subregion, which is characteristic of a parti-
cle cluster, and the invariant slope in a larger region is the
correlation dimension of the region, which is characteristic of
a bubble motion. Similar results have been demonstrated by

Ž . Ž .Bai et al. 1997b, 1999 , Karamavruc and Clark 1997b , and

( ) ( )Figure 9. log C l �log l of microscale signals for2 m 2
different data-run numbers.

Ž .Zhao et al. 2001b . The computed correlation dimension and
K -entropy of various-scale pressure signals from different2
data-run numbers are shown in Table 4. Comparison be-
tween fractal dimension in Figure 6 and the correlation di-
mension in Table 4 shows that their differences are very large.

Ž .As Tsonis 1992 illustrated, we must note that the concept of
fractal dimension can be applied to time series in two distinct
ways. The first is to indicate the number of degrees of free-
dom in the underlying dynamical system. The second is to
quantify the self-similarity of the trajectory in phase space.
The Grassberger�Procaccia algorithm yields the first one, but
does not really provide an estimate of the self-similarity of
the trajectory. As discussed earlier, however, the fractal di-
mension yielded by RrS analysis depicts the self-similarity of
the studied signals.

It also can be seen from Table 4 that the correlation di-
mension D and K -entropy, K , of the microscale signals2,1 2 2,1
representing individual particle motion are larger than the
correlation dimension D and K -entropy, K , of the2,2 2 2,2
mesoscale signals representing the dense-phase motion, and
the correlation dimension D and K -entropy, K , of the2,1 2 2,1
mesoscale signals representing the bubbling-phase motion are
larger than those of macroscale signals representing the dy-
namics of the entire fluidizing system. These results indicate
that the dynamics of individual particles is more complex than
that of particle clusters, that is, the dense phase and the dy-
namics of the bubbling phase are more complex than those of
the whole fluidized bed. However, these conclusions cannot
be obtained from the fractal dimension of RrS analysis, as
discussed earlier. There are, therefore, many advantages to
combining several interdisciplinary analysis methods to study

Table 3. Energy Distribution for Multiscale Signals

Data Data-Run Number C1 Data-Run Number C2 Data-Run Number C3 Data-Run Number C4

Scale Micro Meso Macro Micro Meso Macro Micro Meso Macro Micro Meso Macro
R 0.44% 99.42% 0.14% 0.33% 99.39% 0.28% 2.20% 96.84% 0.96% 0.45% 97.86% 1.69%s
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( ) ( )Figure 10. log C l �log l of mesoscale signals for2 m 2
different data-run numbers.

( ) ( )Figure 11. log C l �log l of macroscale signals for2 m 2
different data-run numbers.

the complex dynamics of the fluidizing system, especially
combining manifold nonlinear approaches. In addition, the
correlation dimension D and K -entropy, K , of the2,2 2 2,2
dense phase is much larger than the correlation dimension
D and K -entropy, K , of the bubbling phase at the same2,1 2 2,1
mesoscale. It is further confirmed that the dynamics of the
bubble motion is more uncomplicated and easy to describe,

and the dynamics of the particle motion is more complex and
hard to exactly describe.

Conclusions
This work combines multiple analytical approaches, includ-

ing wavelet transform, rescaled-ranged analysis, multiscale
resolution, and time-delay embedding, to study pressure fluc-
tuations in a bubbling fluidized bed. The main findings of the
present work can be summarized as follows:

1. Daubechies wavelets are used to decompose the time
series of pressure fluctuations to level 1�9 detail signals and
level 9 approximation signals. We found that the Daubechies

Ž .second-order DAU2 wavelet is optimal, because of its mini-
mum decomposition residuals for pressure signals at differ-
ent measurement locations. We, therefore, chose the DAU2
wavelet as the wavelet of decomposition of the pressure sig-
nals in this study.

2. Hurst analysis is used to analyze multifractal character-
istics of the decomposed different-level signals. The research
shows that level 1 and 2 detail signals have only one Hurst
exponent much less than 0.5; level 3�9 detail signals have two
Hurst exponents, one larger than 0.5 at smaller � and one
less than 0.5 at larger � , respectively; and the level 9 approxi-
mation signal has only one Hurst exponent much larger than
0.5. These results indicate that level 1 and 2 detail signals
reflect microscale dynamics, level 3�9 detail signals represent
mesoscale dynamics, and level 9 approximation signals repre-
sent macroscale dynamics. It is conjectured that the mi-
croscale dynamics result from individual particles motion and
small-scale fluid eddies, the mesoscale dynamics result from
bubble dense phase interactions, and the macroscale dynam-
ics result from large bulk motions of the solids at the scale of
the whole bed.

3. Therefore, measured pressure signals can be reduced to
multiscale signals such as microscale signals, mesoscale sig-
nals, and macroscale signals. Microscale and macroscale sig-
nals have monofractal characteristics, while mesoscale signals
have bifractal characteristics. By analyzing the energy profiles
of the different scale signals, we found that the most energy
is distributed mainly by mesoscale signals of the level 3�9
detail and is over 90% of the energy. Pressure fluctuations,
therefore, mainly reflect mesointeraction between the emul-
sion phase and the bubbling phase.

4. Time-delay embedding analysis of different-scale signals
revealed that the microscale dynamics is more complex than
that at mesoscale, and the mesoscale dynamics is more com-
plex than that at macroscale. However, these conclusions
cannot be obtained from the fractal dimension of RrS analy-
sis. Therefore, we emphasized that multiple analytical ap-
proaches can be more appropriate for characterizing the
complexity of a fluidized system.

Table 4. Correlation Dimension and Kolmogorov Entropy for Multiscale Signals

Data Data-Run Number C1 Data-Run Number C2 Data-Run Number C3 Data-Run Number C4

Scale Micro Meso Macro Micro Meso Macro Micro Meso Macro Micro Meso Macro
D 13.28 1.47 1.14 14.06 1.44 1.23 14.13 1.51 1.19 15.09 1.39 1.222,1
K 119.22 0.558 0.0728 140.55 0.465 0.0783 94.68 1.36 0.0777 127.25 0.842 0.07222,1
D 10.80 8.74 9.96 8.642,2
K 3.84 5.64 10.42 3.922,2
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